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Abstract—While the tracking of multiple extended targets de-
mands for sophisticated algorithms to handle the high complexity
inherent to the task, it also requires low runtime for online
execution in real-world scenarios. In this work, we derive a batch
update for the recently introduced elliptical-target tracker called
MEM-EKF#*. The MEM-EKF* is based on the same likelihood
as the well-established random matrix approach but is derived
from the multiplicative error model (MEM) and uses an extended
Kalman filter (EKF) to update the target state sequentially, i.e.,
measurement-by-measurement. Qur batch variant updates the
target state in a single step based on straightforward sums over
all measurements and the MEM-specific pseudo-measurements.
This drastically reduces the scaling constant for typical imple-
mentations and indeed we find a speedup of roughly 100x in
our numerical experiments. At the same time, the estimation
error which we measure using the Gaussian Wasserstein distance
stays significantly below that of the random matrix approach in
coordinated turn scenarios while being comparable otherwise.

Index Terms—Target tracking, extended object tracking, mul-
tiplicative error, Kalman filter, Information filter

I. INTRODUCTION

Autonomous and assisted driving offer safer and more effi-
cient transportation options for our society. With environment
perception serving as a key technology enabling the realization
of autonomous and assisted driving system, object tracking
emerges as one of the most fundamental components of en-
vironment perception. Object tracking aims at estimating and
predicting the objects states in an area of interest. Traditional
object tracking assumes the tracked object as a point and has
at most one detection. However, this assumption is challenged
by the near-field and high-resolution sensors, which are widely
equipped in modern vehicles. For the modern ranged-based
sensors, such as RAdio detection and ranging (Radar) and
LIght Detection And Ranging (Lidar), one traffic participant
emits multiple measurements and its extent cannot be reduced
to a point for safety consideration. Extended object tracking
estimates and predicts the kinematic and shape of an object
given a set of detections. A detailed overview of extended
object tracking is given in [1].

The origins of measurements from an extended object can
be modelled as reflections from specific positions on the ob-
ject’s surface [2] or an independent random draw from a spatial
distribution [3], [4], which avoids the explicit association
between measurements and measurement-sources. The shape
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of an extended object can be interpreted with different levels
of complexity depending on the computation and application
requirements. For object tracking scenarios in autonomous and
assisted driving, the extent of objects is often approximated
by simple geometry shapes, such as rectangles and ellipses
[5], [6], [7] — the latter being among the most popular due
to their statistical convenience in representing Gaussian dis-
tributions. Their tracking was pioneered by Random-matrix-
based methods [5], [8] which represent elliptical objects using
a 2D semi-definite matrix. While elegant, this representation
causes an increased error in coordinated turn scenarios due
to the implicit coupling of the uncertainty of orientation and
size. To address this issue, a non-linear measurement model
which relates measurements, position, orientation and axes-
lengths was formulated in [9]. There, the key in deriving
the measurement equations is the modelling via multiplicative
noise — also known as the Multiplicative Error Model (MEM)
[10]. Indeed it was found that the MEM formulation improves
the performance in coordinate turn scenarios significantly as
the dynamics of parameters can be constraint individually.
However, one disadvantage of the MEM formulation [9] is
its sequential Kalman update, which causes a slower runtime
and is sensitive to the measurement order.

In this work, we propose a new filter for extended object
tracking, which is derived from the multiplicative error model
(MEM) in [9], but uses a batch update based on the extended
information filter (EIF). The proposed tracker is named as
MEM-EIF with MEM referring to the measurement model and
EIF denoting the extended information filter. Our new tracker
MEM-EIF: i) decouples the dynamics of object orientation and
axes lengths compared with Random Matrix based methods;
ii) performs a batch update and thus significantly improves
runtime-performance while being robust against changes in
the order of processed measurements compared with MEM-
EKF*.

Interestingly, the information filter has been combined with
the MEM-EKF* before in [11] but in the different context of
information fusion. In [11], a distributed tracking system was
developed which retains the consensus regarding shape and
kinematics among different sensor nodes on a network.

The rest of our paper is structured as follows. The notation
is introduced in the next subsection. In section II, we briefly
explain the information filter. We derive our batch update
using extended information filter in Section III. The numeric
evaluation and its result is presented in Section IV. The paper
is concluded in Section V.



A. Notation

We denote vector-valued quantities in italic, bold (e.g.,
y = (y1,y2)T for a 2d-measurement). Upright bold quantities,
such as the measurement matrix H, denote matrices. Scalars
are denoted in non-bold italic, e.g., L for the number of
measurements. We indicate the expectation value of random
quantities by a bar, e.g., € = E[x] for a vector-valued
random variable = where E[-] denotes the operator taking
the expectation value on a suitable probability space. The
covariance matrix of a random vector x is denoted as C*
and the matrix of the cross-covariance between two random
variables  and q as C®4. Given y,,...,y;, we indicate
the conditional expectation value, the conditional covariance
matrix, and conditional cross-covariance using a subscript ¢,
ie., &;, C¥, C9, respectively. Additionally, z ~ A (z,C*)
denotes that x is Gaussian distributed with mean x and
covariance C%.

II. THE INFORMATION FILTER

To introduce the information filter, we consider L measure-
ments Y, ..., Y, subject to a linear stochastic model:

y,=Hx+wv;, fori=1,---,L, (D

where H is the measurement matrix. The measurement noise
v; ~ N (0,C") and the state * ~ N (Zo, C¥) are Gaussian
distributed. For the latter, we denote &, and CJ as the
predicted mean and covariance. Given ¥y, ...,y;, for i < L,
Z; and covariance C? can be calculated using a sequential
Kalman update

2 =21+ CPV[CY] 7 (y, —9,), 2)

CF=Cp,-Crv[cy (), 3)
with the innovation covariance CY = C? + HC? ;HT and
the cross-covariance C7¥ = C* | H'.

As is well-known (see [12]), an equivalent information filter
can update with all measurements in a single step. A brief
derivation is given in Appendix A. We define £, = [C%]~lz;
such that

=& +H[C" Ny, @)
€7 = [CF) ! + HT[CY)'HL 5)

Iterating the update rule gives us the following batch update:

L

& =&+HC Yy, 6)
=1

[CF)~! = [C§]~' + LH'[C"] 'H, (7)

where 27, = C%£; recovers the original state.

The main characteristic of this batch form is the simple
dependence on the outcomes y,; which enter via their sum
only. This summation can typically be implemented in a very
efficient manner, e.g., by employing vectorization or even
parallelization. In addition, only three matrix inversions are
required to obtain the final outcome compared to L such
inversions in the standard Kalman form.

U;
z; = [hiali, hialo]
I

>

Fig. 1. This figure depicts the multiplication error measurement model for
extended object tracking. A measurement y; is the measurement source z;
corrupted with sensor noise v;. The measurement source z; relates object
orientation o and axes-lengths (I1,12)T by a multiplicative noise h;, which
are uniformly distributed on a unit circle.

III. APPLICATION TO THE MEM-EKF

Elliptical extend-object tracking focuses on updating the
state of a target that has produced L measurements. In a recent
work [9], this setting has been modeled using the multiplica-
tive error model [10] to which we give a short introduction in
subsection III-A. The closed form solution derived in [9] is
based on a problem-tailored sequential extended Kalman filter
(EKF). The EKF update formule consist of two parts: one
update for kinematics and another for the shape. Similarly,
our batch update consists of a kinematic and a shape update
step which are derived in the subsections III-B and III-C. In
contrast to [9], however, all the measurements are processed
within a single step.

A. Multiplicative error model (MEM)

We consider an elliptical target moving in the 2d-plane
with unknown kinematic state © = (ry, 7y, T, Ty, T2, 75)
where (r,,7,)T describes the target’s 2d position, (r;,7;)7 its
velocity and (r;,7;)7T its acceleration. The shape of the target
is assumed to be that of an ellipse with unknown parameters
denoted as p = («,l1,l5), where « is the orientation of the
ellipse while /; and I denote the lengths of its major and
minor semi-axes, respectively. The elliptical target is assumed
to give rise to L measurements y, ..., Y, via the measurement
model

y, = Hr + Sh; + v,, ®)

{10 0 0 0 0 _ H;
H_{o 1000 O}:[HJ ©)
projects the target position into the 2d-plane, h; is uniformly

distributed on a unit circle, while v; ~ N (0,C"). S = S(p)
describes the shape of the target, where

—l; sin(a)] _ {Sl(p)} _

I3 cos(a) S2(p)

The model is illustrated in Fig. 1. One of the main chal-
lenges in deriving a closed-form solution to MEM is the high
non-linearity in Sh;. This hinders a simultaneous estimation
of kinematics and shape using a linear minimum mean squared

where

S(p) = [ll cos(a) (10)

Iy sin(a)



error (LMMSE) estimator [10] and motivates the introduction
of a second-order pseudo-measurement

Yi=F(y, —9:)®(y, —9;), (1)

which is used to update the estimate for the shape state. Here
URQW = (ulwl,ulwz,qul,usz)T denotes the Kronecker
product. The sole purpose of the matrix F (and its sibling

F which will come in handy later) is to remove one of the
identical off-diagonals

1000 o [tooo
F=1[000 1 |, F=]0o 0 0 1 (12)
0100 001 0

It is worthwhile to note that the introduction of a second-order
pseudo-measurement to account for the non-linearity can be
put on solid stochastical ground by taking a measure-theoretic
viewpoint (cf. [13]). For a more intuitive treatment on the basis
of uncorrelated transforms we refer to [14].

As we focus on deriving a batch measurement update, the
time index k is omitted for the seek of compactness.' Given the
measurement outcomes ¥, ..., Y, at our current time, the prior
distributions as r ~ N (7, C}) and p ~ N (py, CF), our
goal is to obtain a batch update along the lines of Eqgs. (6-7)
for both kinematics and shape.

B. Kinematics

To apply the information filter to the kinematic update of
the MEM-EKF*, it is necessary to identify the linearized
measurement model that has been used to derive the Kalman
update given by Egs. (11-13) in [9]. With

y, =Hr,_q, (13)
the Kalman update reads
=71+ CIY[CY 7 (v~ 90) (14)
Cr=Cp,-C¥[cY](cY)". (15)
According to [9], CY and C[¥ are given as follows
C/¥=CJ_H", (16)
CY =HC] H' +Cj+C/ +C", (17)

where CV is the covariance of the measurement noise. Fur-

thermore
Ci =5S(p;_1)C"S(p;_1)", (18)

with CP being the covariance of the multiplicative noise and
finally:
[Clmn =t {CBIT .\ C" I in )} form,n=1,2, (19)

oS,
Jn,i—l = Jn(Pi—l) = 8;1))

(20)
P=P;_1
Regarding the derivation of these quantities, we refer to [9].
The Kalman update Eqgs. (14-15) can be derived from the
following linearized measurement model

y, =Hr + s, 1)

IFor example, y; corresponds to yg) in [9].

where s; ~ N (0,Cl+ Cl'+Cv) = N (0,C%). In con-
trast to the original model, Eq. (8), the non-linearity Sh;
is accounted for only effectively via a renormalization of
the measurement noise. The validity of the model is easily
verified by plugging the definition of H from Eq. (9) and the
measurement noise C? into the formule of the Kalman update,
Egs. (2-3).

To obtain a batch update, we approximate C; ~ C{ = C?.
This implies that we are ignoring any feedback of changes to
the object shape estimate during the kinematic update. Iterating
the information update yields

L
& =&+HCT Y v, (22)

=1
(7]~ = [Cy]~" + LHT[C®|'H, (23)
7, =CTE, €& =[Ch ‘7. (24)

where L is the number of measurements.

C. Shape Update

The shape update goes along similar lines. First of all, the
expectation value of the pseudo-measurement is given as

Y,; = Fvect{CY}, (25)

where the vect {-} operator transforms a matrix into a column
vector as follows

mir Mmi2 T
vect = [mu mig2 Moy mQQ}
m21

ma2
The Kalman update for the shape parameters now reads
(cf. Egs. (25-26) in [9])

(26)

p=p, +CPY[CY] (Y.-Y), @)
cr—cr, —crY[cY]" (cg”’)T, (28)

with
crY —cP M, (29)

and (cf. Egs. (10, 20) for the definitions of S, (p) and J,(p;))

281 (p:)C"J 1 (p1) !
M; =M(p;) = 28, (pi)C"J2(pi)
S1(pi)CMJI2(pi) + S2(ps)CMJI1(pi)
(30)
The covariance of the pseudo-measurement is given as
CY =F(CY®CY)(F+F). (31)

Again, we refer to [9] for the details of the derivation.

To derive a batch update based on the update formule of
the information filter, we identify the linearized measurement
model as

Y, =Y, +Mi_1(p—p;_1) + i, (32)

where t; ~ N (0,CY —M]_ CP M, ;) = N(0,C).
Verification of correctness is again as straightforward as check-
ing that the resulting Kalman update for this model exactly
matches Eqgs. (27-28). Similar to the kinematic case, additional



approximations are necessary to enable a batch update. We
approximate M; ~ M, C! ~ Ct = C?, p,_, ~ p, and

CY ~HCTH" + C} +C!' + C”, (33)
such that Y; = Fvect {CY} ~ Y'; = Y. Note here that C7 is

already available since we perform the kinematic update first.

The measurement model thus simplifies to
Y, ~Y +Mo(p - bo) +ti, (34)

with t; ~ N (0, Ct). Also we approximate the i-th outcome
of the pseudo-measurement as

Y =~F(y, —yr) ®(y;, — 1) (35)

where y; is again known from the previously-run kinematic
update. Iterating the information filter update yields

& =¢b + Ml [cY 1ZY Y + Mop,|, (36)
=1

-1 — [Cg] + LMT[ct] 11\/[07

C?] (37)
P, =C&r, & = [CHl 'py. (38)
As approximating y; ~ ¥y in Eq. (35) and C] ~ C7 in

Eq. (33) is not the only possible choice to avoid a dependency
on intermediate results from the kinematic update, we refer
to update equations Eqgs. (36-38) as MEM-EIF[y;]. Another
natural choice is y; =~ Yy, CT ~ C{ which we refer to as
MEM-EIF[y,]. In this case, the proposed MEM-EIF[y,] is
equivalent to the MEM-EKF* if we avoid the approximations
by performing a sequential information update, i.e., one infor-
mation update per measurement. This is further discussed in
the numerics part Sec. IV.

D. Discussion of the approximations

1) Overview: As we have seen, additional approximations
on top of the original update equations from [9] are required
to allow for a batch update. In case of the kinematic update,
these are quite intuitive: As the shape enters the update
only via a renormalization of the measurement noise R; .,
approximating R; . = Ry, should not impact the quality of
the final estimate 7; too badly as long as the initial shape
estimate is reasonably close to the true value. Consequently,
approximating the expected measurement y, ~ y; = Hrp
and using CT ~ C7 for the calculation of CY (cf. Eq. (33))
within the shape update seems quite reasonable. After all, 7y,
should be the more precise estimate as is reflected in its lower
covariance C7 after L updates.

However, regarding the remaining approximations -—
M; ~ My, Ct ~ C%, p,_, ~ Py, C! =~ C} and Cl ~ CI!
— things are less obvious. Assuming the validity of the just
mentioned approximation regarding the expected measurement
and its covariance, we justify the remaining approximations
via an order analysis. The idea is to apply the information
update before applying any approximations, i.e., directly to the
model (32). By construction, the resulting information update
is then equivalent to the original Kalman update Eqgs. (27-28).
We proceed to show that by neglecting higher order corrections
in the shape, the batch variant of the information update as

stated in Eqgs. (36-38) is obtained. This proves that in lowest
order the batch variant of the shape update is equivalent to its
Kalman counterpart.

2) Order analysis: Consider the first two information up-
dates based on the model Eq. (32) where it already shows that
the ¢-dependence of Y. M, 4, Pp;_; and t; seems to hinder
the derivation of a batch update:

&5 = [CF]'py + M[CY] 'Y
+ M [CE Y, -

— Y1+ Mop,)
Y2+ M;ip,].
If our prior is informative enough, i.e., the covariance cg

is small and p, is close to the true state, we can expand as
follows

(39)

M, = M(p,) (40)

where we defined (with (u); = uy being the k-th component
of the vector u = (uy,uz,u3)")
3

_ N M)l
[AM}M:; r

(P1 — Po)k- (41)

P=Dg

Assuming C% is small enough, we have that (with |-| denoting
the absolute value)

([CE)™" )il > [(Mo[CE] ™! [V — Yo + Mupy )| (42)
> [(AM[C3] ! [Y2 — Yo + Mupy])i|- (43)

The first inequality above is large because the eigenvalues of
[CP]~! tend to infinity in the limit C§ — 0, while for the

second we have p; —p, — 0 in this limit. Keeping the lowest
order corrections only gives us

€5 ~ [CE™'po + My[CH] 7' [Y1 = Yy + Mopy]  (44)
+M[CY] T Y2 — Yo + Mip,].
Furthermore
M;p, ~ (Mg + AM)(p, + [P1 — Py)) 45)
such that the same idea can be applied again to get
€7 ~ [CPl ™'y + MG[CI] ' [Y1 — Y1+ Mopy]  (46)
+ M [CE] 7 [Y2 — Yo + Mopg).

On a meta level, the important insight is that terms propor-
tional to [CF]~! are large, and therefore we can drop any
corrections proportional to p; — P, or also C? itself as the
leading order corrections are found in zeroth-order. The other
problematic quantities, Y'; and C§, are a bit more tedious but
otherwise straightforward as well. We have

Y, = Fvect{CY}, Ci=CY -M]C’M;  47)
where

CY =F(CY® CY)(F +F), (48)

CY ~HCTH" + C, + C} + C". (49)

The quantity C7 is already known from the kinematic update
which is run first. We approximate

Ch, ~ S(py)C"S(py)" + ASC"S(p,)" + S(p,)C"AST
(50)
61y

~ S(py)C"S(py)" = Cl,
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Fig. 2. This figure shows one example run with three trackers: random matrix (blue), MEM-EKF* (red) and MEM-EIF (green). The ground truth object is

black ellipses and measurements are colored dots.

with
3

[AS(Py)]mn = Z -

k=1

by keeping only zeroth-order terms as discussed above. The

approximation CY ~ CI is even more straightforward, as

CU is directly proportional to C¥ and thus a negligible term.
Therefore

CYy~HCIH"+C]+Cl'+C?" =Y,
such that Yo~ Y, =Y and
Ct=CY - M[CP’M, ~ CY - M{CPM, = C%. (54)
Putting it all together we find

(P1 = Po)k, (52

(53)

2
£ ~ [CP] 7 'py+ > M[CH T [Y, — Y + Mopy). (55)
i=1
The same analysis applies to all further update steps
i = 3,..., L as well which yields the final result Egs. (36)-(38)
by induction.

IV. NUMERICAL EVALUATION

In this section, we investigate the performance of the pro-
posed information-filter-based batch update for the multiplica-
tive error model (MEM-EIF). After some remarks regarding
tuning and initialization, we compare the proposed MEM-EIF
with the sequential update tracker MEM-EKF*, and another
batch update algorithm: Random Matrix (RM) [8]. Next, we
investigate the effect of different approximation variations in
MEM-EIF as explained in Section III-C. Finally, we highlight
the benefit of a batch update by comparing the runtime of
MEM-EIF and its reference algorithm, MEM-EKF*.

A. Tuning and Initialization

While tuning the MEM-EIF (and to some lesser extent
the MEM-EKF*) it is important to recall that the original
derivation (cf. [9]) as well as our additional approxima-
tions (cf. Sec. III-D) rely on a Taylor expansion around
the shape estimate. It is therefore mandatory to restrict the
shape covariance to reasonable small values. In addition, an
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Fig. 3. This figure depicts the average error for 100 simulated runs using the
simulation shown in Fig. 2.

unreasonable large covariance for the shape parameters would
put a significant amount of weight toward the unphysical
negative values of length and width. As a rule of thumb for
practical applications, we therefore recommend keeping the
shape covariance below C!* < (0.4 x [1)2, C!2 < (0.4 x I5)?
based on the current estimates for length and width l_l, ls.

For the numerical experiments detailed below, the tracker is
initialized by calculating sample mean and covariance of the
measurements at time k = 0. The sample mean serves as the
initial position estimate while the shape estimate is obtained
as the 95% confidence ellipse corresponding to the sample
covariance. The initial estimates for velocity and acceleration
are set to zero.

B. Performance along reference trajectory

In this simulation, we consider a single extended target
that moves in the 2d plane along a reference trajectory and
generates a random number of measurements at every time
step according to a Poisson distribution. The simulated ellip-
tical extended object has diameters of 340 and 80 meters and
moves with a constant velocity of 50km/h. The measurements
are Poisson distributed with a Poisson rate A = 20 which is
the same as in [9] and [8]. We compare our proposed MEM-
EIF with the reference MEM-EKF* and the random matrix
method [5], [8]. As it features the better performance-cost
ratio among the two variants, we picked the MEM-EIF[y, ]
variant over the MEM-EIF[y,] (see IV-D for a comparison of
the two variants). We use a constant-acceleration white-noise
jerk model [15] for the prediction between the time steps. The
simulated ground truth objects, trajectory, measurements, and
estimates of three trackers from one example run are depicted
in Fig. 2. Consistent with the observations in [9], we find
an increase in error of the random random matrix approach
around the three coordinated turns. The trackers based on the
multiplicative-error measurement model, on the other hand,
can constrain the size change while allowing for the necessary
flexibility in the orientation through the process noise.

We use the Gaussian Wasserstein distance [16] as the
metric for evaluating the estimation error of elliptical shapes.
The Gaussian Wasserstein distance incorporates the estimation
error on both shape and location, can be calculated in closed-
form, and is a true metric. As the center Hr and shape matrix
3 = SST of an ellipse can be interpreted as the mean and

40 T T
o MEM-EKF*
o MEM-EIF[y, ]
30 |- MEM-EIF[yo] - 1 updates

MEM-EIF[yo] - 2 updates
—— MEM-EIF[yo] - 4 updates

[m]

10 | | | | |

Fig. 4. Estimation Error of the MEM-EIF[y,] for different batch sizes
(U updates is equivalent to a batch size of L/U) versus MEM-EKF* and
MEM-EIF[y ]. We used a Poisson rate A\ = 50 for the simulation, otherwise
the simulation is the same as in Fig. 2. The results are averaged over 100
runs.

covariance matrix of a Gaussian distribution, the Wasserstein
distance between two elliptical objects is

dgw (@1, 2) = ||[Hry — Hr||?
+TI‘ <21 +22 -2 \V 2122\/ 21) . (56)

As shown in Fig. 3, among the batch updates the
MEM-EIF[y ;] outperforms the random matrix approach at
the coordinated turns while showing a similar error otherwise.
Compared to its reference MEM-EKF*, we see an increase in
error of roughly ten percent due to the additional approxima-
tions.

C. Runtime performance

The main motivation for employing the batch update,
i.e., MEM-EIF[y; ], instead of the sequential update is an
improved runtime performance. Therefore, we compare the
scaling of our Python implementation of the batch update with
the sequential MEM-EKF* updates. The result is shown in
Fig. 5. As we can see, both update schemes scale linearly
in the number of measurements L, but the scaling constant
of the batch update is roughly a hundred times smaller than
that of the batch update. The big performance win for the
batch update stems from eliminating the explicit main loop
of the sequential update which performs one Kalman update
of kinematics and shape per measurement (Eqs. (14-15,27-28)
above; see TABLE I in [9] for pseudo code). This loop in
the sequential update cannot be easily vectorized due to the
dependence of the n-th update on the (n — 1)-th update and
causes a huge performance penalty, while the batch update can
profit from an implicit loop via vectorized summation over all
measurements and pseudo-measurements. In principle, even
a parallelization of this summation (e.g., on a GPU) would
be possible here. Despite there being a difference in scaling
constant only, we therefore expect a similarly significant
speedup in general (i.e., independent of our particular Python
implementation) if one chooses to switch from a sequential to
a batch update. Finally, while we have not measured explicit
performance metrics for our implementation of the random
matrix approach, it should sit close the MEM-EIF[y ;] as it
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Fig. 5. Comparison of the runtime performance of the sequential MEM-EKF*
(purple line) and the batch MEM-EIF[y ] (green line) update based on our
python implementation. The number of seconds necessary to perform the
update (y-axis) is plotted against the number of measurements which are part
of the update (x-axis). Due to the large difference in the scaling constant, the
green line representing the scaling of the MEM-EIF[y ] update is hugging
the x-axis. In the inset, the same data is shown such that the linear scaling of
the MEM-EIF[y ] update in the number of measurements becomes visible
as well.

is also a batch update, i.e., it works based on an implicit
vectorized loop over the measurements.

D. Convergence of MEM-EIF[y,] against MEM-EKF*

As explained in III-C, approximating y; ~ y,C] ~ C7
in Eq. (33) is not the only natural choice. An interesting
alternative is given by the approximation y; =~ y,, C] ~ Cf
(referred to as MEM-EIF[y,]) since it reduces to the MEM-
EKF* if we perform one information update per measurement.
This interesting property suggests the batch size, which we
recall to be L (the number of measurements) for the MEM-
EIF[y ], as a tuning parameter of the MEM-EIF[y] approx-
imation. It allows for trading accuracy versus performance,
with the maximal accuracy given for batch size equal to one
while the maximal performance is obtained for batch size
equal to L. In Fig. 4 we compare the estimation error of the
MEM-EIF[y,] with different batch sizes against the MEM-
EKF* and the MEM-EIF[y]. As is apparent from the plot,
the quality of the MEM-EIF[y,] is significantly inferior if
only a single update step is performed, i.e., if the batch size is
taken to be L. However, by increasing the batch size to L/2
(implying two update steps) and L/4 (implying four update
steps) we see a quick improvement in the quality and, as to be
expected, convergence against the MEM-EKF*. The drawback
is of course an increase in runtime and therefore it needs to
be decided per application if the increase in quality is worth
the cost. In general, we recommend the MEM-EIF[y; ] over
the MEM-EIF[y,]. In this regard, it is worthwhile to note that
varying the batch size of the MEM-EIF[y; ] did not show any
quality improvements in our experiments. This is due to the
fact that there is no limit in which the MEM-EIF[y ] becomes
equivalent to the MEM-EKF*. Therefore, the MEM-EIF[y; ]
should always be run with batch size equal to L.

V. REMARKS & CONCLUSION

The need for an elliptical-target tracker typically arises
in the context of a larger system which also features a

computationally demanding association step. One common
way to reduce complexity is to work with the marginal
association probabilities for each track which in the context
of point-target tracking is often combined with the probability
density approximation (PDA) [17]. Two extensions of this
idea to extended target tracking that were recently proposed
in [18], [19] involved a sequential PDA update based on
the MEM-EKF*. Our proposed batch update straightforwardly
generalizes to this setting as the summation over measurements
(Eq. (22)) and pseudo-measurements (Eq. (36)) turn into
weighted summations — the weights being the association
probabilities of each measurement. This way, the sequential
PDA update can be replaced by a weighted batch update —
thus offering the performance benefit to this important setting.

Another interesting remark concerns the observation made
in [9] that the sequential update of the MEM-EKF* depends on
the order of the measurements. For the proposed batch update
this is clearly not the case: the sums in Eqgs. (22-24,36-38)
are invariant under changes to the measurement order. Based
on our analysis in Sec. III-D we conclude that the order
dependence stems from the higher-order corrections in the
shape update, as well as the feedback of the shape update to
the kinematics. Giving up on both yields the order-invariant
batch update — the price being a slightly increased estimation
error and the benefit a significantly reduced runtime.

To conclude this work, we like to highlight again that
the newly-introduced tracker MEM-EIF[y;] combines two
important strengths of the random matrix and the MEM-
EKF* approach: Similar to the random matrix approach it is
a batch update, i.e., the target state is updated in a single
step using only the sums over all measurements and the
MEM-specific pseudo-measurements. Compared to a sequen-
tial measurement-by-measurement update, the scaling constant
is drastically reduced leading to a strong increase in perfor-
mance. At the same time, as the tracker is based on the MEM-
EKF*, it offers direct access to the tracked ellipse parameters
and their covariance thus easing the application of relevant
motion models.
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APPENDIX A
DERIVATION OF THE INFORMATION FILTER

For completeness, we give a possible derivation of the infor-
mation filter in this appendix. We assume a linear measurement
model as stated in Eq. (1). Based on the Kalman update in
Egs. (2-3) we define §; = [C*]~'&; such that

&; = x; 1 + C7Y[CY] " (y, — Hz, 1) (57)
=CP & + ny[cg]fl(yi -HC? §,_,) (58)
= [C?—l - Cf—lHT[C?—1]71HC§c—1] Eiﬂ (59)
+CP H'[CY |y,
= C¥rg,_, + Cx H'[CY |y, (60)



which gives the intermediate result

§=§&_,+[CPIT'CE HI[CY ]y, (61)
From the matrix inversion lemma we have the relation
€] = [CF, - CPLHTCL, | 'HCY ] ()
=[CZ T +H'[C"T'H, (63)
which gives us
[c7-er  mrcy, ]!
= [C7, +H'[C*]"'H| CY_H'[CY 7" (64)
= [H"+H'[CY]"'HC? H"| [CY|]7"  (65)
=H'[C’]"! [CY + HCZ  H'|[CY,]™"  (66)
=C?_,
=H'[C"]™! (67)
The information filter update is thus found to be
&=¢&., tH'C" Ny, (68)
[CF™ = [CE, ] +HI[CY]'H. (69)
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